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O' 

fSJ ■ We study the Chow groups of smooth complex varieties X which are fibred by 

5_^ ' varieties with small Chow groups, e.g. varieties fibred by low degree complete in- 

, ^ . tersections or cellular varieties. As an application, we give new examples of smooth 

projective varieties satisfying conjectures on algebraic cycles such as the Hodge con- 
jecture, the Lefschetz standard conjecture, Kimura's finite-dimensionality conjecture 
and Murre's conjectures. If X is fibred by cellular varieties over a curve, then we 
show that X is Kimura finite-dimensional. If X is fibred by cubic fivefolds over a 
curve, then we show that X satisfies Murre's conjectures as well as the standard 
conjectures. 



< 

"5 ■ Introduction 

Let A; be a field and let il be a universal domain over k, that is O is an algebraically 
closed field of infinite transcendence degree over k. For X a variety over k, the group 
CHi[X) denotes the rational Chow group of i-cycles on X modulo rational equivalence. 
^ ' Let / : X ^ S be a family defined over k of projective varieties over a quasi- 

projective variety S. We ask: What can be said of the Chow groups of X in terms of 



^ , the Chow groups of S and of the Chow groups of the fibres? For instance, if / : X — >• 5 

^ I is a projective bundle over a smooth quasi-projective variety S, then the projective 

^J^ ■ bundle formula gives, for all I, an isomorphism induced by an action of correspondences 

On) ■ ©0<j<dimX-dimS^-^'-i('S') ^^ CHi{X). 

Another example is the following. If X is smooth and if a general fibre F of f : X ^ S 
satisfies CHq{F) = Q, then there exists a closed subscheme 5 ■— >■ X of dimension dim 5 
such that the pushforward map CHq{S) -^ CHq{X) is surjective. Indeed, let 5 "^ X be 
a smooth linear section of X of dimension dim S which dominates S and let U he a dense 
^.' open subset of S such that CHq{Xu) = Q for all u £ U. Consider then a zero-cycle a 

in X. By Chow's moving lemma, a is rationally equivalent to a zero-cycle f3 = ^ai\pi] 
supported on X\ij, that is such that pi is a closed point of X|(7 for all i. But then, each 
Pi is rationally equivalent to a rational multiple of a closed point of S. Therefore, a is 
rationally equivalent to a cycle supported on S. In other words, CHq{X) is supported in 
dimension dim 5, or we say that CHq{X) has niveau dimS. A more precise statement 
of this observation is theorem 2.12. It can also be proved that if a general fibre F of 
/ : X ^- 5 is such that CHq{Fq) has niveau < 1, then CHq{X) has niveau < dimS"-!- 1. 



More generally, Laterveer [11] defines a notion of niveau on Chow groups as follows. 
For a variety X, the group CHi{X) is said to have niveau < n if there exists a closed 
subscheme Z of X of dimension < i + n such that CHi{Z) — t- CHi{X) is surjective, in 
other words if the i-cycles on X are supported in dimension i + n. 

In that context, a somewhat more precise question is: What can be said about the 
niveau of the Chow groups of X in terms of the niveau of the Chow groups of the fibres 
of / : X ^ 5? 

The general philosophy here is the following : If X is a smooth variety which is 
fibred by varieties with small Chow groups over a base B of small dimension, then X 
has small Chow groups. Somewhat more precisely, if CH^{Xi,) has niveau < n for all 
complex point b & B, then we expect CH^{X) to have niveau < n + dimi?. We cannot 
prove such a general statement but we wish to tackle that question when some of the 
Chow groups of the fibres of / have niveau 0. The most general statements we obtain 
are theorems 2.5, 2.9 and 2.11. When X is defined over the complex numbers, those 
theorems become the following. 

Theorem 1. [Theorem 3.4] Let f : X —^ B be a complex projective dominant morphism 
onto a complex quasi-projective variety B of dimension ds- Assume that CHi{Xi,) = Q 
for all i < I and all closed point b G B . Then CHi{X) has niveau < ds for all i <l. 

Theorem 2. [Theorem 3.5] Let f : X ^ C be a complex generically smooth projective 
dominant morphism onto a smooth complex curve. Assume that CHi{Xc) is finitely 
generated for all closed points c ^ C and all i < I, then CHi{X) has niveau < 1 for all 
i < I. 

Theorem 3. ]Theorem 3.6] Let f : X ^ B be a complex generically smooth projective 
dominant morphism onto a smooth quasi-projective complex variety B of dimension ds ■ 
Assume that the singular locus of f in B is finite. Assume also that 

• CHi(Xi)) = Q for all closed points b G B and all i < I, 

• CHi(Xi,) is finitely generated for all closed points b ^ B. 

Then CHi{X) has niveau < ds for all i < I. 

We are then interested in using those results to give new examples of smooth pro- 
jective varieties satisfying some of the conjectures on algebraic cycles. 

Let now X be a smooth projective complex variety of dimension dx- We write 
Hi{X) for the rational homology group Hi{X, Q), this group is isomorphic to H^{X, Q)^. 
There is a cycle class map cli : CHi{X) -^ H2i{X). The Hodge conjecture describes 
the image of c/j as being the subset of H2i{X) consisting of Hodge classes. In other 
words, the Hodge conjecture describes explicitly which of the transcendental cycles in 
H2i{X) are algebraic in terms of the Hodge structure of H2i{X). In particular the 
Hodge conjecture stipulates the existence for all i < dx of cycles L € CH^{X x X) 
that induce isomorphisms L* : Hi{X) — )■ H2dx-ii^)- This is Grothendieck's Lefschetz 
standard conjecture for X. It implies yet another conjecture on the existence of algebraic 
cycles, namely the Kiinneth standard conjecture which asserts the existence of cycles 



TTj G CH(i^{X X X) that induce the Kiinneth projectors (ttj)* : H^,{X) -^ Hi{X) — )• 
H^{X). Understanding the kernel of the cycle class map is another matter. It was 
conjectured by Bloch and Beilinson that there should exist a descending filtration F 
on Chow groups of smooth projective varieties which is functorial with respect to the 
action of correspondences and which satisfies F^CHi{X) = Ker {CHi(X) — ?• H2i{X)). It 
turns out that the existence of such a filtration on Chow groups is related to the notion 
of finite-dimensionality as introduced by Kimura [10] and independently by O'Sullivan. 
These authors have conjectured that every smooth projective variety should be finite- 
dimensional. A consequence of finite-dimensionality for X is that the kernel of the 
cycle class map cl : CH(i^{X x X) — ?• H2dxiX x X) is nilpotent for the composition 
law on correspondences. This in turn implies that idempotents in the image of cl can 
be lifted to idempotents in CHcixiX x X). We thus see that the finite-dimensionality 
condition on X gives the existence of algebraic cycles which are idempotents modulo 
rational equivalence. In particular if the Kiinneth projectors in homology are algebraic, 
then they lift to idempotents adding to the identity modulo rational equivalence. In [12], 
Murre conjectured the following. 

(A) X has a Chow-Kiinneth decomposition {tto, . . . ,'7r2rf} : There exist mutually 
orthogonal idempotents vro, . . . , 7r2rf G CHcixiX x X) adding to the identity such that 
{TTi)^H^{X) = Hi{X) for aU i. 

(B) VTo, . . . , vr2i_i, VTrf+z+i, ... ,TT2d act trivially on CHi{X) for aU /. 

(C) F^CHi{X) := Ker {it2i) n . . . n Ker {iT2i+i^i) doesn't depend on the choice of the 
TTj's. Here the ttj's are acting on CHi{X). 

(D) F^CHiiX) = CHi{X\,^,. 

A variety X that satisfies conjectures (A), (B) and (D) is said to have a Murre 
decomposition. Jannsen proved [9] that Murre's conjectures are true for all smooth 
projective varieties if and only if Bloch and Beilinson's conjecture is true for all smooth 
projective varieties. 

The Lefschetz standard conjecture for X can be reformulated as saying that X satis- 
fies the Kiinneth standard conjecture and that the morphisms of motives modulo homo- 
logical equivalence {X, T^\'f^_i) — > {X, 7r^°™, dx — i) induced by intersecting dx —i times 
with a hyperplane section are isomorphisms for all < i < dx- If X is assumed to be 
finite-dimensional in the sense of Kimura, this isomorphism lifts to rational equivalence 
to give an isomorphism {X,TT2dx-i) ~^ {X,Tri,dx — i) of Chow motives. This is referred 
to as the motivic Lefschetz conjecture. 

It has been known since the work of Bloch and Srinivas [2] that if X has a small Chow 
group of zero-cycles, then this has consequences for the support of the cohomology of X 
and for codimension-2 cycles on X. This was generalised by Laterveer [11], Paranjape 
[14] and Schoen [15] among others. They proved that for X to have small Chow groups 
has implications on the motive of X. The notion of "small" that we use here for Chow 
groups is related to the notion of niveau. For example, Laterveer proves that if the Chow 
groups of X have niveau < 2 then homological and algebraic equivalence agree on X 
and if they have niveau < 3 then the Hodge conjecture holds for X. In [20], we proved 



that if the Chow groups of X have niveau < 1 then the motive of X is finite-dimensional 
in the sense of Kimura [10]. In the first section we review those results and we give a 
complement by proving that if the Chow groups of X have niveau < 2 then X satisfies 
the Lefschetz standard conjecture, see theorem 1.5. 

As a byproduct of theorems 1, 2 and 3, we are able to exhibit new examples of 
varieties for which we can prove some of the conjectures on algebraic cycles. This is the 
object of section 4 and as samples we prove the following results which are concerned 
with smooth projective varieties fibred either by cellular varieties, or hypersurfaces of 
very low degree. 

Theorem 4 (Theorem 4.8). Let f : X —?■ B be a dominant morphism between smooth 
projective complex varieties whose closed fibres are cellular varieties. Then, 

• if dim B < 1, X is finite- dimensional in the sense of Kimura and X satisfies 
Murre's conjectures as well as the motivic Lefschetz conjecture ; 

Assume now that f is connected and that there exists a finite set of closed points S in 
B such that f is smooth over B — T,. Then, 

• if dim B < 2 and dimX < 6, X satisfies Grothendieck's standard conjectures ; 

• if dim B < 3 and dim X < 7, X satisfies the Hodge conjecture. 

The assumption on the singular locus of / being finite is the same as the one appearing 
in [5] where the construction of relative Chow-Kiinneth decompositions is considered. 
However, here we do not require the restriction oi f : X ^ B to B — T, to he a family 
of relative cellular varieties, nor do we require it to be locally trivial, as is for example 
the case in [8] or [7]. 

The next theorem follows from theorem 2 together with the results on Chow-Kiinneth 
decompositions that appear in [20] and those on Murre's conjectures that appear in [18], 
all of which are recalled in section 1. 

Theorem 5 (Theorem 4.5). Let X be a smooth projective complex variety fibred by 
cubic fivefolds over a curve. Then X satisfies Murre 's conjectures as well as the motivic 
Lefschetz conjecture. 

Let Q be a quadric hypersurface. Then it is known that CHi{Q) = Q for all i < '™^ 
so that theorem 1 together with the results of section 1 gives 

Theorem 6 (Theorem 4.2). Let X be a smooth projective complex variety fibred by 
quadric hypersurfaces over a smooth projective variety B. Then 

• if dim. B <1, X is finite- dimensional in the sense of Kimura ; 

• if dim. B <2, X satisfies Grothendieck's standard conjectures ; 

• if diva. B < 3, X satisfies the Hodge conjecture. 

It should be noted that, in the above theorem, no assumption on the singular locus 
of the quadric fibration X ^ B is made. 



Notations. Chow groups are always meant with rational coefficients. The group 
CHi{X) is the Q-vectorspace with basis the i-dimensional irreducible subschemes of X 
modulo rational equivalence. It is said to be finitely generated if it is finitely generated 
as a Q-vectorspace, i.e. if it is a finite-dimensional Q-vector space. 

Ackno'wledgements. Thanks to Mingmin Shen for a discussion leading to the proof 
of proposition 2.6. Thanks to Burt Totaro for suggesting the statement of lemma 3.1. 
This work is supported by a Thomas Nevile Research Fellowship at Magdalene College, 
Cambridge and an EPSRC Postdoctoral Fellowship under grant EP/H028870/1. I would 
like to thank both institutions for their support. 

1 Varieties with small Chow groups 

In this section, except for theorem 1.5, we review known results about varieties with 
small Chow groups. Varieties are defined over a field k of characteristic zero and Q. 
denotes a universal domain over k. 

The following definition is taken from Laterveer [11]. 

Definition. Let X be a variety. The Chow group CHi{X) of i-cycles on X modulo 
rational equivalence is said to have niveau < r if there exists a closed subscheme Y C X oi 
dimension i + r such that the proper pushforward map CHi(Y) — )■ CHi(X) is surjective. 

Definition. Let X he a smooth projective variety. The Chow group CHi(X) of i-cycles 
on X modulo rational equivalence is said to be representable if there exists a smooth 
projective curve C and a correspondence F G CHi^i{C x X) such that the induced map 
F, : CHo{C) -^ CHi{X) is surjective. 

Lemma 1.1. If X is smooth projective, the Chow group CHi{X) has niveau < 1 if and 
only if it is representable. 

Proof. Let y be a desingularisation (or an alteration in positive characteristic) of a 
closed Y C X of dimension i + 1 such that the pushforward map CHiiY) -^ CHi{X) is 
surjective. Then the pushforward map CH^{Y) -^ CHi{X) is surjective. But then, it is 
known that the Chow group of codimension-1 cycles on a smooth projective variety is 
representable. 

Conversely, if CHi{X) is representable there exist a curve C and a correspondence 
F G CHi+i{C X X) such that F* : CHo{C) -^ CHi{X) is surjective. Let Z be the 
support of a representative of F inside C x X and write p : Z ^ X for the projection. 
Then, if Y denotes the scheme-theoretic image of Z inside X, it is easy to check that 
the induced map CHi(Y) -^ CHi{X) is surjective. D 

Theorem 1.2. Let X he a smooth projective variety of dimension n. If the Chow groups 
CHn(Xo), . . . , CH, n-3 1 [Xq) have niveau < 1, then X satisfies Murre's conjectures. 
Moreover the motivic Lefschetz conjecture holds for X and hence Crothendieck's standard 
conjectures hold for X . 



We proved in [20] that if X is as in theorem 1.2 then X has a Chow-Kiinneth 
decomposition which is self-dual and which satisfies the motivic Lefschetz conjecture. 
Murre's conjectures for X are proved in [18]. Moreover, when X is odd-dimensional, the 
assumptions on X in theorem 1.2 can be weakened, see [18, §4.4.2]. If we strengthen the 
assumption on X, we have [20] 

Theorem 1.3. Let X he a smooth projective variety of dimension n. If the Chow groups 
CHq{Xq), . . . , Ciif i2.j_i(Xf7) have niveau < 1, then X is Kimura finite- dimensional. 

Laterveer [11] is mostly concerned with checking the validity of the Hodge conjecture 
for varieties with Chow groups having niveau < 3. He proves 

Theorem 1.4 (Laterveer). Let X he a smooth projective variety of dimension n. If the 
Chow groups CHo{Xfi), . . . , CII^n^_2{XQ) have niveau < 3, then X satisfies the Hodge 
conjecture. 

The following statement deals with the Lefschetz standard conjecture. 

Theorem 1.5. Let X he a smooth projective variety of dimension n. If the Chow 
groups CIIq{Xq), . . . jCH^n^AXfi) have niveau < 2, then algebraic and homological 
equivalence agree on X and Grothendieck's Lefschetz standard conjecture holds for X . 

Proof. Since it is enough to prove the conclusion of the theorem for X^ , we may assume 
that X is defined over Q. The statement about algebraic and homological equivalence 
agreeing was proved by Laterveer [11, 2.7]. Laterveer used the assumptions on the niveau 
of the Chow groups to show [11, 1.7] that the diagonal Ax admits a decomposition as 
follows : there exist closed and reduced subschemes Vj , W^ C X with dim Vj < j + 2 
and dim W-' < n — j, there exist correspondences Fj G CIIn{X x X) for < j < [^^^J 
and r' G CIIn{X x X) such that each Tj is in the image of the pushforward map 
CHniVj X W^), r' is in the image of the pushforward map CHn{X x W^^^), and 



Ax =Ti + ... + Ty^^ +r'. 

Given j such that < j < [^^^J, let Vj and W^ denote desingularisations of Vj and 
W^ respectively. The action of Tj on H {X) then factors through H iVj) and through 
H2n-k{W^). On the one hand, we have H2n-kiW^) = H^-'^^{W^) and hence if A; < 2j + l 
then the action of Tj on H^{X) factors through the H^ or the H^ of a smooth projective 
variety. Since the Lefschetz standard conjecture is true in degrees < 1, it follows that the 
action of Tj on H^{X) factors through the Hq or the Hi of a smooth projective variety. 
On the other hand, we have H {Vj) = H/iJ^2j-k{Vj) and hence if A; > 2j-|-2 then Tj factors 
through the Hq, the Hi or the H2 of a smooth projective variety. Concerning the action 
of r' on H^{X), it factors through ^2n-fc(l^^~ ) which vanishes for dimension reasons 
\i k < n when n is odd and if A: < n — 1 when n is even. When n is even and k = n — 1, 
the action of F' on H^{X) factors through the Hi of a curve. Indeed this follows from a 
combination of the fact that it factors through Hn+iiW^^^^) = H'^iW^^) and of the 
validity of the Lefschetz standard conjecture in degree 1. 



By the Lefschetz hyperplane theorem, we get that for k < n the cohomology groups 
H (X) are generated algebraicaUy (that is through the action of correspondences) by 
the -f^o of points, the Hi of curves and the H2 of surfaces. The following proposition 
then makes it possible to conclude. D 

Proposition 1.6. Let X be a smooth projective variety of dimension n and let k > n. 
Assume that Hk{X) = N^ ''^^^^ Hk{X) . Here N denotes the niveau filtration of [18]. In 
other words assume that 

• if k is odd, there exist a threefold Y^ and a correspondence T^ € CHk+z (Ifc x X) 

2 

such that (Tk)* '■ HsiYk) — ^ Hk{X) is surjective, and 

• if k is even, there exist a surface Z^ and a correspondence Tk S CHk+2 {Zk x X) 

2 

such that {Tk)^: : H2{Zk) -^ Hk{X) is surjective. 

Then X satisfies the Lefschetz standard conjecture in degree k. 

Proof. See [19, Proposition 3.5]. D 

Remark 1.7. Note that theorem 1.5 does not seem to follow from the method of Ara- 
pura [1], since under our assumptions, it is not clear that the middle cohomology group 
of X is motivated by the cohomology of surfaces. Indeed, as can be read from the 
proof of the theorem, when n is even, the action of T' on H'^{X) factors through 
HfiiW^^^ ) — H'^{W^2~'). Although expected, it is not known if the H^ of a smooth 
projective variety is motivated by the H^ of a surface. Note that this would be the case 
were the Lefschetz standard conjecture known in degree 2. 

2 Chow groups for varieties fibred by varieties with small 
Chow groups 

Throughout this section we work over a field k of characteristic zero. 

Proposition 2.1. Let f : X —?■ B be a projective dominant morphism onto an irre- 
ducible quasi-projective variety B of dimension ds and let H ^^ X be a linear sec- 
tion of dimension > I + ds such that f restricted to H is dominant. Assume that 
CHi_i{Xrij-,,) = Q for all < i < ds and all irreducible subvarieties Di C B of dimen- 
sion i. Here -^r^c- denotes the fibre of X over the generic point rjD. of Di. Then the 
natural map ©^g^ CHi{Xf,) © CHi{H) -^ CHi{X) is surjective. 

Proof. We prove the proposition by induction on ds- li ds = then the statement is 
obvious. Let's thus consider a morphism f : X —^ B and a linear section l : H ^-t' X as in 
the statement of the proposition with ds > 0. We have the localisation exact sequence 

CHi{Xd) -^ CHi{X) ^ CHi^d^iXriJ ^ 0. 

Here, B^ denotes the set of codimension-one closed irreducible subschemes of i?. For any 
irreducible codimension-one subvariety D C B, the restriction of l to D ^ B defines 



a linear section i£, : Ho ^-s- X/j of dimension > / + d^ — 1 of Xj:,. It is easy to see 
that the restriction oi f : X ^ B to D —^ B defines a dominant morphism X^ — )■ D 
which together with the hnear section ld satisfies the assumptions of the proposition. 
Therefore, by the induction hypothesis applied to X^ — t- D, the map 

CHi{Xd) e CHi{Hd) -^ CHi{Xd) 

is surjective. This yields an exact sequence 

^CHi{Xk) e CHi{Hd) ^ CHi{X) ^ CHi_d^{X.,^) ^ 0. 

heB DeB^ 

Since each of the proper inclusion maps H^) — )• X factors through l : H —^ X, we see 

that the map ©^g^i CHi{Hd) ®-H^* CHi{X) factors through i* : CHi{H) -^ CHi{X). 
In order to conclude, it is enough to prove that the composite map 

CHi{H) ^ CHi{X) ^ CHi_aAX^s) 

is surjective. li I < ds, then this is obvious. Let's then assume that I > ds- 

Let Y be an irreducible subvariety of H of dimension / such that the composite 
Y ^^ X ^>- B \s dominant. Because CHi-ds (-^vb ) = Q it is enough to show that the class 
of Y in CHi{X) maps to a non-zero element in CHi_(ig (X^g). By the choice of Y, we see 
that the generic fibre Y^^ of /|y is an irreducible subvariety of X^^ of dimension / — ds 
and hence its class in CHi^dg[Xng) is non-zero. The map CHi{X) -^ CHi^(ig{Xng) is 
obtained as the direct limit of the restriction maps CHi{X) -^ CHi{Xu) indexed by the 
open subsets U C B. By fiat pullback, we see that the class of Y^^ in CHi^iIb{^vb) ^^ 
the image of the class of Y by the map CHi{X) -^ CHi-dsi^vB)- '-' 

Here's an improvement: 

Proposition 2.2. Let f : X —^ B be a projective dominant morphism onto an irre- 
ducible quasi-projective variety B of dimension ds and let H ^-?- X be a linear section 
of dimension > I + ds such that f restricted to H is dominant. Assume that: 

• CHi^i{X^g) = Q for all i such that < i < ds and all irreducible subvarieties 
Di C B of dimension i. Here X^^^^ denotes the fibre of X over the generic point r]£,. of 

A. 

• CHi^dg^Xjjg) is finitely generated. Here X^^ is the generic fibre of X ^ B. 

Then there exist finitely many closed subschemes Zj of X of dimension I such that the 
natural map 0^- CHi{Zj) ^f,eB CHi{Xb) CHi{H) -^ CHi{X) is surjective. 

Proof. If ds = then the statement is obvious. Let's thus consider a morphism / : X — )■ 
B and a linear section l : H ^-t' X as in the statement of the proposition with ds > 0. 
As in the proof of proposition 2.1 we have the localisation exact sequence 

CHi{Xd) ^ CHiiX) ^ CHi_ag{X^g) ^ 0. 



Each of the morphisms X£, —^ D satisfies the assumptions of proposition 2.1 and by 
the same arguments as in the proof of proposition 2.1 we get that the image of the map 
0jg5 CHi{Xi,)®CHi{H) -^ CHi{X) contains the image of the map 0£,gBi CHi{Xd) -^ 
CHi{X). Let now Zj be finitely many closed subschemes of X^^ whose classes [Zj] G 
CHi_dg (Xrfg ) generate CHi_dg {Xr^g ) . By surjectivity of the map CHi {X) -^ CHi_dg (X^g ] 
there are cycles aj € CHi{X) that map to [Zj\. li 2j is the support in X of any represen- 
tative of aj, we then have a surjective map • CHi{Zj) -^ CHi(X) — )■ CHi^dBi^riB)- 
It is then clear that the map 0^- CHi{z/) ^^eB CHi{Xb) © CHi{H) -^ CHi{X) is 
surjective. D 

2.1 Varieties fibred by varieties with Chow groups generated by a fin- 
ear section 

Proposition 2.3. Let f : X —?■ B be a dominant projective morphism onto a quasi- 
projective variety B of dimension ds- Assume that CHi{Xff) = Q for all closed points 
b G B. Then, if H ^^ X is a linear section of dimension > I + ds such that f restricted 
to H is dominant, we have 

lm{^CHi{Xf,)^CHi{X)) C lm{CHi{H)^CHi{X)). 

beB 

Proof. Let 6 be a closed point of B and fix H ^^ X a linear section of dimension > l + ds 
such that / restricted to H is dominant. Let Zi be an irreducible closed subscheme of X 
of dimension I which is supported on Xfy. Since /|// : H —^ B is a dominant projective 
morphism, its fibre Hf^ over b is non-empty and has dimension > /. By assumption 
CHi{Xi)) = Q, so that a rational multiple of [Zi] is rationally equivalent to an irreducible 
closed subscheme of H^, of dimension /. Therefore [Zi] € CHi{Xi,) belongs to the image 
of the natural map CHi{Hi,) -^ CHi{Xi,). It is then not hard to conclude. D 

Remark 2.4. It is interesting to decide whether or not it is possible to parametrise 
such Z-cycles by a variety of dimension ds- See theorem 2.8. 

Theorem 2.5. Let f : X —?■ B be a dominant projective morphism onto a quasi- 
projective variety B of dimension ds- Assume that CHi-i{Xjj^ ) = Q for all < i < ds 
and all irreducible subvarieties Di C B of dimension i, where rju- is the generic point of 
Di. Then, if H ^-^ X is a linear section of dimension > I + ds such that f restricted to 
H is dominant, we have 

CHiiX) = lm{CHi{H)^CHi{X)). 

In particular, CHi{X) has niveau < ds- 

Proof. This is a combination of proposition 2.1 and proposition 2.3. D 



2.2 An argument involving relative Hilbert schemes 

Let f : X —^ B he a generically smooth projective dominant morphism defined over a 
field A; C C onto a smooth quasi-projective variety B. Let B° <Z B he the smooth locus 
of / and let f° : X° — > B° he the pullback of f : X ^ B along the open inclusion 
B° ^-7- i? so that we have a cartesian square 



X°c 




We assume that there is a non-negative integer / such that for all closed points b G B° 
the cycle class map CHi{Xi,) —^ H2i{Xi,) is an isomorphism. 
For K a field containing the base field k, we define for d > 

Ed{K) := {b £ B°{K) : CHi{Xh) is generated by closed subschemes 

of Xf) of degree < d}. 

By assumption on the cycle class map, CHi{Xi,) is finitely generated for all b G B°{K). 
Hence the set Ed{K) is non-empty for d large. Clearly, 



B°{K) = U Ea{K). 



d>0 



Proposition 2.6. Ed has naturally the structure of a subscheme of B° . Moreover Ed 
is locally closed inside B° . 



.<dt 



Proof. Let vr : Hilbf (X/B) -^ B he the relative Hilbert scheme whose fibres over the 
points b in B parametrise the closed subschemes of X[, of dimension / and degree < d. 
Let's then write 

Hilbf ''{x/B)■.= \Jn^ 



,<d 



Hilbf'' (X/B) 



where the T^j's are the irreducible components of Hilbf {X/B). Let p : Cf 

he the universal family over Hilbf {X/B). We have the following commutative diagram, 

where all morphisms involved are proper: 




Hilbf'' {X/B) 
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If T-Li is one of the irreducible components of Hilbf {X/B) and if s and s' are two 
X-points of T-Li then the classes of the fibres p'^'^{s) and p~^{s') define, up to a rational 
scalar, algebraically equivalent cycles in CHi{Cf ), so that there exists a € Q such that 

cl{q,[p-\s)]) = a ■ cl{q,[p-\s')]) G H^iiX). 

For t G Eii(K), we define 

Let 1? be a subset of Ad^t- We say that £ spans H2i{Xt) if H2i{Xt) is spanned by the 
(finite) set {d{[p-'^{s)]) : s e'Hi,ni£ £,Tr{s) = t}. We define 

Ad,t := {£ G V{Ad,t) : £ spans ^2^^*)}. 

This set is non-empty because we are assuming that the cycle map CHi{Xt) -^ H2i{Xt) 
is an isomorphism. 
We then define 

Zd,t:= u n^(^)- 

The morphism vr is proper so that Z^^t is Zariski-closed inside B. Therefore, since K 
was an arbitrary extension of k, we will be done if we prove that for any t G E^iK), 
there exists an open neighbourhood Ut of t inside B° such that Ut{K) n E(i{K) = 
Ut{K) n Zii^t{K). Let's first notice that because Rif*Q is a local system on B° which 
is spanned at t by any choice of £ in Ad,t, there is a Zariski open neighborhood 14 of t 
inside B° such that, for t' G Zd^t{K) n Vt{K), H2i{Xf') is spanned at t' by any choice 
of £ in Ad,t, i-e. such that we have the inclusion Zd,t{K) n Vt{K) C Ed{K). Let's then 
define 

V;':=5°- (J TT{Hi)r\B°. 

It is then not too hard to check that Ed{K) fl V-l{K) C Zd^t{K). Thus, if we define 
Ut := VtilVt, then Ut{K)nEd{K) = Ut{K)nZd,t{K) and Ed has naturally the structure 
of a subscheme of B° and considered as such it is locally closed inside B°. D 

Corollary 2.7. B° = Ed for d large enough. 

Proof. By proposition 2.6, B° is the countable union of the subschemes Ed. For all 
d < d', Ed is clearly a subscheme of Ed'. Therefore B° must be equal to Ed for some 
d. D 

Theorem 2.8. Let f : X ^ B be a generically smooth projective dominant morphism 
onto a smooth quasi-projective variety B of dimension ds ■ Let B° C B be the smooth 
locus of f. As.sume that there is an integer I < dx — ds such that for all closed 
points b £ B° the cycle class map CHi{Xi,) -^ H2i{Xi,) is an isomorphism. Then 
Im ( ©5g^o CHi{Xh) — 7> CHi{X)^ is supported on a closed subvariety of X of dimension 
dB + l. 
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// moreover X is smooth, then there exist a smooth quasi-projective variety B of 
dimension ds and a correspondence V € CH(ig+i{B x X) such that T^, : CHq{B) -^ 
CHi(X) is well-defined and 

lm{^CHi{Xh)^CHi{X)) C lm{r,:CHo{B)^CHi{X)). 

b&B° 

Proof. Let d be an integer such that B° = E^ and let 1-ii be the irreducible components 
of Hilbf [X/B). Let then T-Li — ?• Tii be resolutions of the T-LiS and for all i pick a 
smooth linear section Bi —?■ "Hj of dimension ds that dominates B. Consider then 
Pi : {Cf )\n — > Bi the puUback of the universal family p : Cf —?■ Hilbf (X/B) along 

Bi ^^ Tii —^ Tii ^-^ Hilbf (X/B). For each i, we have the following picture 

iCf%^^^X 



Bi 

and it is clear that 

Im ( CHiiXh) ^ CHiiX)) C J^Im {{qi), : CHiiiC^'')\^J ^ CHiiX)) 
b£B° i 

SO that the group on the left-hand side is supported on the union of the scheme-theoretic 
images of the morphisms qi. 

If X is smooth we define Fj G CHdg+i {Bi x X) to be the class of the image of {Cf ) |^ 

inside Bi x X. Because q '■ Cf — ?• X is proper, Fj has a representative which is proper 
over X. It is therefore possible [4, Rk 16.1] to define maps (Fj)* : CHQ{Bi) -^ CHi{X) 
for all i. Finally we define B to be the disjoint union of the BiS and F G CH(ig+i{B x X) 
to be the class of the disjoint union of the Fj's. D 

2.3 Varieties fibred by varieties with small Chow groups 

Theorem 2.9. Let f : X —?■ C be a generically smooth projective dominant map onto a 
smooth curve. Assume that 

• CHi{Xc) is finitely generated for all closed points c G C, 

• CHi{Xc) — )■ H2i{Xc) is an isomorphism for a general closed point c £ C, 

• CHi_i{X^) is finitely generated, where rj is the generic point of C . 

Then CHi{X) has niveau < 1. 

Proof. We have the localisation exact sequence 

^CHi{X,) -^ CHi{X) -^ CHi^i{Xr,) -^ 0. 
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Let Zi , . . . , Z„ be irreducible closed subschemes of X^ of dimension / — 1 that span 
CHi-i{X^) and let 2i, . . . , Zn be closed subschemes of X of dimension / that restrict to 
Zi, . . . , Z„ in Xyy Then by flat pullback the class of Zj in CHi(X) maps to the class of 
Zj in CHi^i{Xri) so that the composite map 0"^^ CHi{Zj) -^ CHi{X) -^ CHi^i{Xr,) 
is surjective. 

Let U Q C he a Zariski-open subset of C such that for all closed points c G U the cycle 
class map CHi{Xc) —^ H2i{Xc) is an isomorphism. Up to shrinking U , we may assume 
that f\u : X\ij — > [/ is smooth. We may then apply theorem 2.8 to get a closed subscheme 
i-.D^Xoi dimension / + 1 such that l^CHi{D) D Im ( 0^^^ CHi{Xc) -^ CHi{X)) . 

As such, we have a surjective map 

n 

^CHiiZj)® CHi{X,)®CHi{D)^CHi{X) 
3=1 cec-u 

and it is straightforward to conclude. D 

Remark 2.10. In the above theorem, we could change the assumption '^CHi_i{Xjj) 
is finitely generated" by "C-ff/_i(X^) has niveau < 1" to get that CHi{X) has niveau 
< 1. However, this is irrelevant because of the Hard Lefschetz theorem, in view of the 
Bloch-Beilinson conjectures. 

The next theorem is a generalisation of theorem 2.9 to the case when the base variety 
B has dimension greater than 1. 

Theorem 2.11. Let f : X ^>- B he a generically smooth projective dominant map onto 
a smooth quasi-projective variety B of dimension ds- Assume that the singular locus 
of f in B is finite and let U be the maximal Zariski-open subset of B over which f is 
smooth. Assume also that 

• CHi{Xi,) is finitely generated for all closed points b & B, 

• CHi{X{)) — )■ H2i{Xb) is an isomorphism for all closed points b & U, 

• CHi^i{Xj^^) = Q for all i such that < i < ds and all irreducible subvarieties 
Di C B of dimension i, where rjo- is the generic point of Di. 

• CHi^dg{Xj^g) is finitely generated. Here X^^ is the generic fibre of f . 

Then CHi(X) has niveau < ds. 

Proof. Let H ^^ X he a linear section of dimension > l + ds such that / restricted to H 
is dominant. Thanks to proposition 2.2, there are finitely many closed subschemes Zj of 
X of dimension / such that the natural map 0^- CHi{Zj)(B^f,^B CHi{Xb)®CHi{H) -^ 
CHi{X) is surjective. By theorem 2.8, there exists a closed subscheme t : B ^-t' X oi 
dimension ds + l such that the image of the map 0f,g[/ CHi(Xf,) — t- CHi{X) is contained 
in the image of the map i* : CHi{B) —^ CHi{X). Therefore the map 

^CHi{Zj)eCHi{B)(B CHi{Xi,)eCHi{H)^CHi{X) 
j beB~u 

is surjective. It is then straightforward to conclude. D 
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In the case of zero-cycles, when X is smooth, there is a less restrictive statement 
that only involves the fibres of / over some Zariski open subset of the base. However, 
the assumptions of theorem 2.9 or 2.12 made on all closed fibres of / cannot be relaxed 
to a general fibre of /. Consider for example the blow-up of a projective bundle over a 
curve C along a subvariety Y contained in one of the closed fibres to get a morphism 
X — 7- C such that CHi{Xc) = Q for all but one closed points c € C, CHQ{Xr^) = Q and 
CHi{X) ~ CHo{Y) e CHo{C) © CHi{C). The following is proved in [17, Theorem 1.3] 
when B is projective. 

Theorem 2.12. Let f : X ^ B be a projective dominant morphism from a smooth 
variety X onto a smooth quasi-projective variety B. Assume that CHq{Xi,) = Q for a 
general point b G B. Then f^ : CHq{X) -^ CHq{B) is an isomorphism and there exists 
a correspondence T G CHdg{B x X) such that F* : CHq{B) — )• CHq{X) is well-defined 
and is the inverse of /* . 

Proof. By Bertini, let a : H —^ X he a smooth linear section of X of dimension dB such 
that TT := foa is dominant. In particular, tt is proper and generically finite, say of degree 
n. The projection formula then shows that, for a G CHq{B), tt* o 7r*a = na. Therefore 
we may conclude if we can show that a* o tt* : CHq{B) — > CHq{X) is surjective, in 
which case F := Fg- o^Ftt, which is well-defined, will do. Here F^^ denotes the class of the 
graph of TT in CH(ig{H x B) and ^F^^ its transpose, and the composite F := Fg- o ^F^^ is 
well-defined by Fulton's refined intersection product [4, §8.1 &: Remark 16.1]. Let U be 
a dense open subset of B over which tt is finite and such that for all closed point u in U, 
CHq{Xu) = Q. Let p be a closed point in X. By Chow's moving lemma, the zero-cycle 
[p] is rationally equivalent to a zero-cycle ^ ai[pi] where each closed point pi belongs to 
the open subset X\ij of X. It is then easy to see that (T*7r*/* \pi] has non-zero degree and is 
rationally equivalent to [pi] up to a rational scalar. Hence a^ir* f^, : CHq{X) — > CHq{X) 
is surjective. D 

3 The complex case 

Ultimately our aim is to give examples of varieties for which the results of the previous 
section apply. For this purpose we need to relate geometric properties of fibres over any 
points to geometric properties of fibres over closed points. The following statement was 
communicated to me by Burt Totaro. 

Lemma 3.1. Let f : X ^ B be a morphism of complex varieties with B irreducible and 
let F be a geometric generic fibre of f . Then there is a subset U Q B{C) which is a 
countable intersection of nonempty Zariski open subsets such that for each point p G U, 
there is an isomorphism from the field C to the field C{B) such that this isomorphism 
turns the scheme Xp over C into the scheme F over C{B). 

Proof. There exist a countable subfield K C C and varieties Xq and Bq defined over K 
together with a i^-morphism /q : Xq —?■ Bq such that f = f Xk C Let p : Spec C —^ B 
he a complex point of B such that the composite map p : Spec C ^ B —^ Bq is dominant, 
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i.e. such that p factors through the generic point 7]Bq = Spec K{Bq) -^ Bq of Bq. Now 
there is an isomorphism C{B) ^^ C of fields over K{Bq). In particular there is a 
commutative diagram 



Spec C 




where rfs — > B denotes a geometric generic point of B such that Xjjj^ = F. We thus see 
that Xp identifies with F after pull-back by the isomorphism Spec C — ?• rfs- 

Let's then define U as being the complex points oi B = Bq x k C that do not lie 
above a proper Zariski-closed subset of Bq, i.e. U is the set of points Spec C — > i? such 
that the composite map Spec C —^ B ^ Bq factors through the generic point tjBq — > Bq 
of Bq. D 

Proposition 3.2. Let f : X ^ B be a morphism of complex varieties with B irreducible 
and let F be the geometric generic fibre of f . Then there is a subset U C B{C) which 
is a countable intersection of nonempty Zariski open subsets such that for each point 
p (z U, CHi{Xp) is isomorphic to CHi{F) for all i. 

Proof. Thanks to lemma 3.1, there is a C/ as in the proposition such that all the fibres 
Xp for p G U are isomorphic as abstract schemes to the geometric generic fibre F. The 
proposition then follows from the fact that, by definition, the Chow groups of a variety 
X over a field only depend on X as a scheme. D 

Here's a lemma concerned with checking the second point in the assumptions of 
theorems 2.9 and 2.11 in concrete situations. 

Lemma 3.3. Let X be a smooth projective complex variety. Assume that CHi{X) is 
finitely generated for all i < I. Then the cycle class map CHi{X) -^ H2i{X) is an 
isomorphism. 

Proof. The proof follows the same pattern as the proof of [21, Theorem 3.4] once it 
is noticed that if CHi{X) is finitely generated then it is representable. Concretely, by 
following the method of proof of [21, Theorem 3.4], we get that the Chow motive of X 
is isomorphic to 1 1(1)^2 © ... © 1(^)^2; © jv(/ + 1) where bi is the i-th Betti number 
of X and N is an effective motive. From here, it is straightforward that the cycle class 
map CHi{X) -^ H2i{X) is an isomorphism for all i < I. D 

In this context, as a corollary of theorem 2.5, we obtain 

Theorem 3.4. Let f : X —^ B be a complex projective dominant morphism onto a 
complex quasi-projective variety B of dimension ds- Assume that CHi{Xh) = Q for all 
i < I and all closed point b £ B . Then CHi{X) has niveau < ds for all i <l. 
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Proof. Let D be an irreducible subvariety of X and let rj^ —?■ D he a geometric generic 
point of D. Let i < I. By proposition 3.2, there is a closed point d (z D such 
that CHi(Xifjj^) is isomorphic to CHi^Xd). By assumption CHi{X(i) = Q. There- 
fore CHi[Xjij^) = Q, too. The pullback map CHi{Xrfj^) -^ CHi[Xji^) is injective. 
Hence CHi{Xrj^) = Q. Now we can apply theorem 2.5 to get that CHi{X) has niveau 
<dB. □ 

As a corollary of theorem 2.9, we obtain 

Theorem 3.5. Let f : X ^ C be a complex generically smooth projective dominant 
morphism onto a smooth complex curve. Assume that CHi{Xc) is finitely generated for 
all closed points c G C and all i < I, then CHi{X) has niveau < 1 for all i < I. 

Proof. Let D be an irreducible component of C. The same arguments as in the proof of 
theorem 3.4 show that CHi{Xnj^) is finitely generated for all i < I. Let then U Q C he 
the smooth locus of /. It is an open dense subset of C. Then, for c (z U, the closed fibre 
Xc is smooth and the groups CHi{Xc) are finitely generated for all i < I. By lemma 3.3 
the cycle class maps CHi{Xc) — ?• H2i{Xc) are isomorphisms for all c G f^ and all z < /. 
Now we can apply theorem 2.9 to get that CHi{X) has niveau < 1. D 

And, as a corollary of theorem 2.11, we obtain 

Theorem 3.6. Let f : X —^ B be a complex generically smooth projective dominant 
morphism onto a smooth quasi-projective complex variety B of dimension ds- Assume 
that the singular locus of f in B is finite. Assume also that 

• CHi(Xij) is finitely generated for all closed points b £ B and all i < I, 

• CHi{Xb) = Q for all but finitely many closed points b £ B and all i < I. 

Then CHi[X) has niveau < ds for all i < I. 

Proof. Let D he an irreducible subvariety of X of positive dimension and let r/^ — )■ D be 
a geometric generic point of D. Let i < I. By proposition 3.2, for a very general closed 
point d £ D, the group CHi{Xrj^) is isomorphic to CHi[Xd). The second assumption 
of the theorem implies that CHi{X(i) = Q for a general closed point oi d £ D. As in 
the proof of theorem 3.5, we get CHi{X.^^) = Q for all i < I. Then, if we denote by 
U the smooth locus of /, by lemma 3.3, the cycle class maps CHi{Xb) —?■ H2i{Xi)) are 
isomorphisms for all 6 E C/ and all i < /. Now we can apply theorem 2.11 to get that 
CHi{X) has niveau < dB for all i < /. D 

4 Applications 

4.1 Varieties fibred by complete intersections 

4.1.1 Chow groups of complete intersections 

Let fe be a field. As explained by Esnault-Levine-Viehweg in the introduction of [3], it 
is expected from general conjectures on algebraic cycles, that if X C P^ is a complete 
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intersection of multidegree di > . . . > d^ > 2, then CHi{X) = Q for all / < [ "~^'=^ ' J, 
see also Paranjape [14] and Schoen [15]. If there is no proof of the above for the moment, 
the following theorem however was proved by Esnault-Levine-Viehweg [3]. 

Theorem 4.1 (Esnault-Levine-Viehweg). Let X C P^ be a complete intersection of 
multidegree di > . . . > dr >2. If either di > 3 or r > I + 1, assume that 

i=l ^ 

If di = . . . = dr = 2 and r < I, assume that 

l + di 



/. \ , -r{l + 2) <n-l + r -1. 

Then CHi>{X) = Q for all < I' < I. D 

4.1.2 Varieties fibred by very low degree complete intersections 

Varieties fibred by quadric hypersurfaces. Let Q C P" be a quadric hypersur- 
face. Then CHi{Q) = Q for all / < -S^ and if dimX is even, CH dimQ (Q) is finitely 

2 

generated. 

Theorem 4.2. Let f : X —?■ B be a dominant morphism between smooth projective 
complex varieties whose fibres are quadric hypersurfaces. 

• If dim B < 1, then X is finite- dimensional in the sense of Kimura and satisfies 
Murre's conjectures as well as the motivic Lefschetz conjecture. 

• If dim B < 2, then X satisfies Grothendieck's standard conjectures. 

• If dim B < 3, then X satisfies the Hodge conjecture. 

Proof. By theorem 4.1, X satisfies the assumptions of theorem 3.4 with / = [ ""^^ J, 
Thus the Chow groups CHq{X), CIIi{X), . . . , CH, dimQ-i AX) have niveau < ds- We 
can therefore conclude by theorems 1.2, 1.3, 1.4 and 1.5. D 

Remark 4.3. In theorem 4.2, if dimi? < 2 and if f : X ^^ B is moreover assumed to be 
flat, then it is proved in [16] that X satisfies Murre's conjectures as well as the motivic 
Lefschetz conjecture. 

Varieties fibred by cubic hypersurfaces. Let X C P" be a cubic hypersurface. 
Then 

• CHo{X) = Q for dimX > 2. 

• CHi{X) = Q for dimX > 5. 

• CH2{X) = Q for dimX > 8. 

Notice that theorem 4.1 only gives CIl2{X) = Q for dimX > 9. The bound on the 
dimension of X was improved to dimX = 8 by Otwinowska [13]. 
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Theorem 4.4. Let X —?■ B be a dominant morphisni between smooth projective com^plex 
varieties whose fibres are cubic hyper surf aces. 

• If divaX = 6 and dimi? = 1, then X satisfies Murre's conjectures and the motivic 
Lefschetz conjecture (and hence Grothendieck's standard conjectures). 

• If dim X = 7 and if dim B < 2, then X satisfies the Hodge conjecture. 

• If dim X = 9 and if dim. B < 1, then X satisfies the Hodge conjecture. 

Proof. We use theorem 3.4 as in the proof of theorem 4.2. In the first case, we get that 
CHq{X) and CHi{X) have niveau < 1. Therefore we can conclude by theorem 1.2. In 
the second case we get that CHq{X) and CHi{X) have niveau < 2 and in the third 
case we get that CHq{X), CHi{X) and CH2{X) have niveau < 1. Therefore we can 
conclude in both cases by theorem 1.4. D 

Varieties fibred by complete intersections of bidegree (2, 2). Let X C P" be the 

complete intersection of two quadrics. By theorem 4.1, CHq{X) = Q; and if dim X > 4, 
then CHi{X) = Q. 

Theorem 4.5. Let f : X —?■ B be a dominant morphisni between smooth projective 
complex varieties whose fibres are complete intersections of bidegree (2,2). 

• If dim. B < 1 and dimX < 5, then X is finite- dimensional in the sense of Kimura. 

• // dim B <1 and dim X <Q, then X satisfies Murre 's conjectures. 

• If dim B < 2 and dimX < 6, then X satisfies Grothendieck's standard conjectures. 

• // dim B < 3 and dim X <7, then X satisfies the Hodge conjecture. 

Proof. The variety X satisfies the assumptions of theorem 3.4 with / = 1 for dim X — 
dimi? > 4 and with / = in any case. Thus the Chow group CHq{X) has niveau < dB 
and CHi{X) has niveau < dB for dimX — dimB > 4. We can therefore conclude by 
theorems 1.2, 1.3, 1.4 and 1.5. D 

Remark 4.6. In theorem 4.5, if dimi? = 2, dimX = 6, and ii f : X ^ B is moreover 
assumed to be fiat, then it is proved in [16] that X satisfies Murre's conjectures. 

Varieties fibred by complete intersections of bidegree (2,3). Let X C P" be 
the complete intersection of a quadric and of a cubic. If dimX > 6, then Hirschowitz 
and Iyer [6] showed CHi[X) = Q for / < 1. (The result of Esnault-Levine-Viehweg only 
says that CHi{X) = Q for / < 1 when dimX > 7). 

Theorem 4.7. Let X ^ C be a dominant morphisni from a smooth projective complex 
variety X to a smooth projective complex curve C whose fibres are complete intersections 
of bidegree (2,3) of dimension 6. Then X satisfies the Hodge conjecture. 

Proof. By theorem 3.4, we see that the Chow groups CHq(X) and CHi{X) have niveau 
< 1. We can thus conclude by theorem 1.4. D 
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4.2 Varieties fibred by cellular varieties 

Let f : X ^ B he a. complex dominant morphism from a smooth projective variety X 
to a smooth projective variety B such that for all closed points p : Spec C — )■ i?, Xp 
is a cellular variety (not necessarily smooth). In other words, X is a smooth projective 
complex variety fibred by cellular varieties over B. For example, X could be a rational 
homogeneous bundle over B, i.e. / is smooth and each fibre of / is isomorphic to a 
rational homogeneous variety. 

Theorem 4.8. Let f : X —^ B be a dominant morphism between smooth projective 
complex varieties such that for all closed points p : Spec C — t- -B, Xp is a cellular 
variety. 

• Assume B is a curve, then X is Kimura finite- dimensional and X satisfies the 
motivic Lefschetz conjecture and Murre's conjectures. 

• Assume dimB < 2 and dimX < 6. If f is connected and smooth away from 
finitely many points in B, then X satisfies the Lefschetz standard conjecture and hence 
the standard conjectures. 

• Assume dimi? < 3 and dimX < 7. If f is connected and smooth away from finitely 
many points in B, then X satisfies the Hodge conjecture. 

Proof. Let p : Spec C — )■ S be a closed point of B. By assumption Xp is a cellular variety 
and hence has finitely generated Chow groups. The first statement then follows from 
theorem 3.5 and theorems 1.2 and 1.3. Let's now focus on the cases when dimi? is either 
2 or 3. It is a consequence of Mumford's theorem that a connected smooth projective 
complex variety with finitely generated Chow group of zero-cycles actually has Chow 
group of zero-cycles generated by a point. Thus the second and third statements follow 
from theorem 3.6 with I = 1, and from theorem 1.5 and theorem 1.4 respectively. D 
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